Introduction {#Sec1}
============

The main concept of rough set theory, proposed by Z. Pawlak, is the indiscernibility between objects given by an equivalence relation in a non-empty set *U*, called *Universe*. This theory has been used for the study of information systems and it has been successfully applied in artificial intelligence fields such as machine learning, pattern recognition, decision analysis, process control, knowledge discovery in databases, and expert systems.

Matroids were introduced in 1935 by Whitney and have been used as a generalization of the concept of independence in different mathematical theories like linear spaces, graph theory, field theory, and fuzzy sets \[[@CR5], [@CR11]\]. In relation to rough sets, many papers have shown interesting connections with matroids \[[@CR6]--[@CR10], [@CR14]--[@CR17]\]. Zhu et al., presented the concept of rough matroids based on a relation \[[@CR21], [@CR22]\] and rough matroids based on coverings \[[@CR19]\]. An interesting generalization of rough matroids for a general approximation operator was proposed in \[[@CR12]\].

The problem of attribute reduction is a problem of high computational complexity and turns out to be fundamental in the construction of machine learning models. This problem has attracted the attention of many researchers and has been addressed from the perspective of different theories. Some relationships of attribute reduction with matroids and rough sets, can be found in \[[@CR4], [@CR17], [@CR18], [@CR20]\]. However, in most publications related to matroids and the attribute reduction problem, matroidal structures have been defined in terms of the set of objects and not the set of attributes. This paper proposes a matroidal structure defined in terms of an attribute set whose maximal independent elements, matching reducts. Therefore the idea of independence in a set given by a matroid can also be applied to the set of attributes *A*, in order to address the problem of attribute reduction in a better way.

The paper is organized as follows: Sect. [2](#Sec2){ref-type="sec"} presents preliminary concepts regarding rough set theory, lower and upper approximations, closure operators and matroids. Section [3](#Sec7){ref-type="sec"} establishes some basic relationships between equivalence classes and approximation operators where different sets of attributes are used. Section [4](#Sec8){ref-type="sec"} presents three definitions of closure operators and the necessary conditions for them to define a matroidal structure. Finally, Sect. [5](#Sec9){ref-type="sec"} presents the main conclusions of the paper and describes future work.

Preliminaries {#Sec2}
=============

Rough Sets {#Sec3}
----------

Rough set theory involves a data table composed of a finite set *U* of objects described by a finite set *A* of attributes. The basic notions of rough set theory are: indiscernibility relation on *U*, lower and upper approximation operators, dependence among attributes, and decision rules derived from lower approximations \[[@CR3]\].
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### Example 1 {#FPar1}
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Reducts in Rough Set Theory {#Sec4}
---------------------------

Attribute reduction in rough set theory involves the removal of attributes that have no significance to the classification problem. An attribute reduct set (or simply reduct) is a subset *P* of the set of attributes *A* such that the quality of classification is the same \[[@CR13]\].

According to the definition of superfluous attribute given in \[[@CR3]\] we can say that if $\documentclass[12pt]{minimal}
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Matroids {#Sec5}
--------

Matroids are related to the notion of linear independence. They can be introduced from an elementary point of view as a collection of sets of linearly independent vectors. Let us suppose that , , and are vectors in $\documentclass[12pt]{minimal}
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Additionally, we know that any subset of linearly independent vectors is also linearly independent. In this case, a collection of independent sets is:$$\documentclass[12pt]{minimal}
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### Definition 1 {#FPar2}

Let *U* be a finite set. A matroid on *U* is an ordered pair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M = (U, \mathbb {I})$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {I}$$\end{document}$ is a collection of subsets of *U* with the following properties: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\emptyset \in \mathbb {I}$$\end{document}$.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I \in \mathbb {I}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I'\subseteq I$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I'\in \mathbb {I}$$\end{document}$.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_1,I_2\in \mathbb {I}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|I_1|<|I_2|$$\end{document}$, then there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in I_2-I_1$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_1\cup \{x\} \in \mathbb {I}$$\end{document}$. Here \|*I*\| denotes the cardinality of the set *I*.

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I\in \mathbb {I}$$\end{document}$, then *I* is called a independent set. If a subset of *U* is not an independent set, then it is called a dependent set. By property 3, every two maximal independent sets in a matroid have the same cardinal number.

**Rank Function.** The rank function of a matroid $\documentclass[12pt]{minimal}
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Closure Operators {#Sec6}
-----------------

The notion of closure operator usually is applied to ordered sets and topological spaces. Some relations between closure operators with upper approximation and matroids are presented in \[[@CR1], [@CR6]\].

We present some concepts about ordered structures, according to Blyth \[[@CR2]\].

### Definition 2 {#FPar3}

A map is a **closure operator** on *U* if it is such that, for all $\documentclass[12pt]{minimal}
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### Proposition 1 {#FPar4}
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Relationships on Attribute Sets {#Sec7}
===============================

The following propositions establish useful relationships between equivalence classes and approximation operators for different sets of attributes.

Proposition 2 {#FPar5}
-------------
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Proof {#FPar6}
-----
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Proposition 3 {#FPar7}
-------------
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Proof {#FPar8}
-----
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Proposition 4 {#FPar9}
-------------
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Proof {#FPar10}
-----
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Using the order relation above it is possible to establish the following:
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Example 2 {#FPar11}
---------

In Table [2](#Tab2){ref-type="table"} we have the equivalence classes of each element $\documentclass[12pt]{minimal}
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Closure Operators on Attribute Sets {#Sec8}
===================================
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Proof {#FPar14}
-----
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There are at least other two definitions for the closure operator.

Definition 4 {#FPar15}
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Proposition 6 {#FPar16}
-------------
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Proof {#FPar17}
-----
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Proposition 7 {#FPar18}
-------------
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Proof {#FPar19}
-----
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From Propositions [6](#FPar16){ref-type="sec"} and [7](#FPar18){ref-type="sec"}, follows this corollary.

Corollary 1 {#FPar20}
-----------
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Definition 5 {#FPar21}
------------
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Proposition 8 {#FPar22}
-------------
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Proof {#FPar23}
-----
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From Propositions [1](#FPar4){ref-type="sec"} and [6](#FPar16){ref-type="sec"}, follows this corollary.

Corollary 2 {#FPar24}
-----------
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Example 3 {#FPar25}
---------
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According to Propositions [1](#FPar4){ref-type="sec"} and [7](#FPar18){ref-type="sec"}, operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {I}=\{P\subseteq A: a\notin c_1(P-a), \text { for all } a\in A\} \end{aligned}$$\end{document}$$Figure [1](#Fig1){ref-type="fig"} shows the matroidal structure obtained from the closure operator on the dataset in Example [1](#FPar1){ref-type="sec"}. The connecting lines represent the inclusion relation.Fig. 1.Matroidal structure of the closure operator.

According to Eq. [10](#Equ10){ref-type=""}, the set $\documentclass[12pt]{minimal}
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Proposition 9 {#FPar26}
-------------
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Proof {#FPar27}
-----
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Figure [2](#Fig2){ref-type="fig"} shows the structure obtained from the dependent set related with the matroidal structure.Fig. 2.Dependent sets of the matroidal structure.

In this collection of dependent sets we can find all the possible reducts. For example, $\documentclass[12pt]{minimal}
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Conclusions {#Sec9}
===========

This paper introduces a new methodology to address the problem of attribute reduction of an information system in Rough Set Theory. Specifically, a closure operator is introduced into the set of attributes that satisfies the conditions for defining a matroid. It is shown that the dependent sets of the matroid contain the reducts. Two definitions of the closure operator are additionally presented and it is proved that they coincide with the proposed operator.

The novelty of the proposal to define new structures on the set of attributes undoubtedly opens the possibility of analyzing the problem of attribute reduction from a new perspective. As future work, it is planned to extend the definition to the different generalizations of Rough Set Theory, in particular relation-based rough sets and covering-based rough sets.
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